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Abstract
Regarded as the integrable generalization of Camassa-Holm (CH) equation, the CH equa-
tion with self-consistent sources (CHESCS) is derived. The Lax representation of the CHESCS is
presented. The conservation laws for CHESCS are constructed. The peakon solution, N-soliton,
N-cuspon, N-positon and N-negaton solutions of CHESCS are obtained by using Darboux trans-
formation and the method of variation of constants.
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1 Introduction
Camassa-Holm (CH) equation, which was implicitly contained in the class of multi-Hamiltonian
system introduced by Fuchssteiner and Fokas 1 and explicitly derived as a shallow water wave
equation by Camassa and Holm 2,3, has the form
ut + 2ωux − uxxt + 3uux = 2uxuxx + uuxxx, (1.1)
where u = u(x, t) is the fluid velocity in the x direction and the constant 2ω is related to the critical
shallow water wave speed. Let q = u− uxx + w, we have the following equivalent equation 4.
qt + 2uxq + uqx = 0. (1.2)
It was shown by Camassa and Holm that this equation shares most of the properties of the integrable
system of KdV type 2,3. It possesses Lax pair formalism and the bi-hamiltonian structure. When
w > 0, the CH equation has smooth solitary wave solutions. When w −→ 0, these solutions become
piecewise smooth and have cusps at their peaks. These kind of solutions are weak solutions of (1.2)
with ω = 0 and are called ”peakons”. Since the works of Camassa and Holm, this equation has
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become a well-known example of integrable systems and has been studied from many kinds of views
4−12.
Soliton equations with self-consistent sources (SESCS) have attracted much attention in recent
years. They are important integrable models in many fields of physics, such as hydrodynamics,
state physics, plasma physics, etc 13−25. For example, the KdV equation with self-consistent sources
describes the interaction of long and short capillary-gravity waves 13. The nonlinear Schro¨dinger
equation with self-consistent sources represents the nonlinear interaction of an electrostatic high-
frequency wave with the ion acoustic wave in a two component homogeneous plasma 18. The KP
equation with self-consistent sources describes the interaction of a long wave with a short wave
packet propagating on the x-y plane at some angle to each other 15. The SESCS were firstly
studied by Melnikov 13−15. A systematic way to construct the soliton equations with self-consistent
sources and their zero-curvature representations is proposed 21−24. The problem of finding soliton
solutions or other specific solutions for SESCS has been considered in the past by many authors
13−25.
The present paper falls in that line of the work on the CH equation concerning with establish-
ing the many facts of its completely integrable character, aiming at the integrable generalization
of CH equation by deriving the Camassa-Holm equation with self-consistent sources (CHESCS)
and finding its solutions. We first construct the CHESCS by using the approach presented in the
reference 21−24. The Lax pair of the CHESCS is obtained, which means that the CHESCS is Lax
integrable and can be viewed as integrable generalization of CH equation. Since the CH equation
describes shallow water wave and the SESCSs in general describe the interaction of different soli-
tary waves, it is reasonable to speculate on the potential application of CHESCS, that is, CHESCS
may describe the interaction of different solitary waves in shallow water. It was pointed out 26,27
that SESCS can be regarded as soliton equations with non-homogeneous terms, and accordingly
proposed to look for explicit solutions by using the method of variation of constants. Applying
this technique to CHESCS we have been able to find its peakon solution. In order to find other
solutions of CHESCS, we consider the reciprocal transformation 28,29, which relates CH equation to
an alternative of the associated Camassa-Holm (ACH) equation, and propose the reciprocal trans-
formation, which relates the CHESCS to associated CHESCS (ACHESCS). By using the Darboux
transformation (DT), one can find the n-soliton and n-cuspon solution 8,9 as well as positon and
negaton solution of alternative ACH equation. Then by means of the method of variation of con-
stants, we can obtain the N-soliton, N-cuspon, N-positon and N-negaton solution for ACHESCS.
Finally, using the inverse reciprocal transformation, we obtain the N-soliton, N-cuspon, N-positon
and N-negaton solution of CHESCS.
This paper is organized as follows. In section 2, we present how to derive the CHESCS and
its Lax representation. In section 3, the conservation laws of the CHESCS are constructed. In
section 4, the peakon solution is obtained. In section 5, we consider the reciprocal transformation
for CH equation and CHESCS, respectively. In section 6, by using the DT, we find the solution for
alternative ACH equation, then by using the method of variation of constants and inverse reciprocal
transformation, we obtain the N-soliton, N-cuspon, N-positon and N-negaton solution for CHESCS.
In section 7, the conclusion is presented.
2
2 The CHESCS and its Lax pair
2.1 The CHESCS
The Lax pair for CH equation (1.2) is given by 2
ϕxx = (λq +
1
4
)ϕ, (2.1a)
ϕt = (
1
2λ
− u)ϕx + 1
2
uxϕ. (2.1b)
It is not difficult to find that
δλ
δq
= −λϕ2. (2.2)
The CH equation possesses bi-hamiltonian structure 2
qt = −J δH0
δq
= −KδH1
δq
, (2.3)
where
K = −∂3 + ∂,
J = ∂q + q∂,
H0 =
1
2
∫
u2 + u2xdx,
H1 =
1
2
∫
u3 + uu2xdx.
According to the approach proposed in the reference 21−24, the CHESCS is defined as follows
qt = −J(δH0
δq
− 2
N∑
j=1
δλj
δq
)
= −(q∂ + ∂q)(u+ 2
N∑
j=1
λjϕ
2
j )
= −2qux − uqx +
N∑
j=1
(−8λjqϕjϕjx − 2λjqxϕ2j ), (2.4a)
ϕj,xx = (λjq +
1
4
)ϕj , j = 1, · · · , N, (2.4b)
which has a equivalent form by using (2.4b)
qt = −2qux − uqx +
N∑
j=1
[(ϕ2j )x − (ϕ2j )xxx], (2.5a)
ϕj,xx = (λjq +
1
4
)ϕj , j = 1, · · · , N, (2.5b)
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2.2 The Lax representation of the CHESCS
Based on the Lax pair of the CH equation (2.1), we may assume the Lax representation of the
CHESCS (2.4) or (2.5) has the form
ϕxx = (λq +
1
4
)ϕ, (2.6a)
ϕt = −1
2
Bxϕ+Bϕx, (2.6b)
B =
1
2λ
− u+
N∑
j=1
αjf(ϕj)
λ− λj +
N∑
j=1
βjf(ϕj), (2.6c)
where f(ϕj) is undetermined function of ϕj . The compatibility condition of (2.6a) and (2.6b) gives
λqt = LB + λ(2Bxq +Bqx), (2.7)
where L = −12∂3 + 12∂. Then (2.6) and (2.7) yields
λqt = −1
2
N∑
j=1
αj
λ− λj [f
′′′
ϕ3jx + 3(f
′′
ϕj − f ′)(λjq + 1
4
)ϕjx + λjqx(f
′ϕj − 2f)]
+[−2qux − uqx +
N∑
j=1
βj(2qϕjxf
′ + qxf)]λ− 1
2
N∑
j=1
βj[f
′′′
ϕ2jx + (3f
′′
ϕj + f
′)
× (λjq + 1
4
)ϕjx + λjf
′qxϕj − f ′ϕj ] +
N∑
j=1
αj(qxf + 2qf
′ϕjx). (2.8)
Here f ′ denotes the partial derivative of the function f with respect to the variable ϕj . In order
to determine f, αj and βj , we compare the coefficients of
1
λ−λj
, λ and λ0, respectively. We first
observe the coefficients of 1λ−λj , then the coefficients of ϕ
3
jx, ϕjx and other terms gives rise to,
respectively
f
′′′
= 0, f
′′
ϕj − f ′ = 0, f ′ϕj − 2f = 0,
which leads to f = bϕ2j . Substituting f = bϕ
2
j into the coefficients of λ in (2.8) gives
qt = −2qux − uqx + 4q
N∑
j=1
βjbϕjϕjx + qx
N∑
j=1
βjbϕ
2
j .
Comparing the above equation and (2.4a), we can determine
b = −2, βj = λj.
Substituting f = −2ϕ2j , and βj = λj into the coefficients of λ0 in (2.8), we obtain
αj = λ
2
j .
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Thus we obtain the Lax pair of the CHESCS (2.5)
ϕxx = (
1
4
+ λq)ϕ, (2.9a)
ϕt =
ux
2
ϕ+ (
1
2λ
− u)ϕx + 2
N∑
j=1
λλjϕj
λ− λj (ϕjxϕ− ϕjϕx). (2.9b)
which means that the CHESCS (2.5) is Lax integrable.
3 The infinite conservation laws of the CHESCS
With the help of the Lax representation of the CHESCS, we could find the conservation laws for
the CHESCS by a well-known method. First we assume that q, u, ϕj and its derivatives tend to 0
when |x| → ∞. Set
Γ =
ϕx
ϕ
, (3.1)
then the identity
∂
∂t
(
∂ lnϕ
∂x
) =
∂
∂x
(
∂ lnϕ
∂t
)
together with (2.10) implies that CHESCS has the following conservation law:
∂
∂t
(Γ) =
∂
∂x
(
ϕt
ϕ
) =
∂
∂x
(
1
2
ux + 2
N∑
j=1
λλj
λ− λjϕjϕjx + ((
1
2λ
− u)− 2
N∑
j=1
λλj
λ− λj ϕ
2
j)Γ) (3.2)
. Using (2.10a) gives rise to
Γx =
1
4
+ qλ− Γ2. (3.3)
Let
Γ =
∞∑
m=0
µmλ
1−m
2 , (3.4)
then µm is the density of conservation laws.
Define
1
2
ux + 2
N∑
j=1
λλj
λ− λj ϕjϕjx + ((
1
2λ
− u)− 2
N∑
j=1
λλj
λ− λj ϕ
2
j )Γ =
∞∑
m=0
Fmλ
1−m
2 (3.5)
It is found that the density of the conservation laws µm and the flux of the conservation laws
Fm satisfy the following recursion relation:
µ0 =
√
q,
µ1 = −1
4
qx
q
,
µ2 =
1
32
(
4√
m
+
m2x
m5/2
− ( 4mx
m3/2
)x),
µm =
−µm−1,x −
∑m−1
i=1 µiµm−1−i
2µ0
, m ≥ 3, (3.6)
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F0 = (−u− 2
N∑
j=1
λjϕ
2
j )
√
q,
F1 = (u+ 2
N∑
j=1
λjϕ
2
j )
qx
4q
+
1
2
ux + 2
N∑
j=1
λjϕjϕjx,
F2m =
m∑
i=0
(−u(i) − 2
N∑
j=1
λi+1j ϕ
2
j )µ2m−2i, m ≥ 1,
F2m+1 =
m∑
i=0
(u(i) + 2
N∑
j=1
λi+1j ϕ
2
j )µ2m−2i+1 + 2
N∑
j=1
λm+1j ϕjϕjx, m ≥ 1, (3.7)
where u(0) = u, u(1) = 1, u(i) = 0, i > 1.
After some calculations we can find the first few conserved quantities given by µ0, µ2 and µ4
are as follows
H−1 =
∫ √
qdx, (3.8a)
H−2 = − 1
16
∫
(
4√
q
+
q2x
q5/2
)dx, (3.8b)
H−3 = −
∫
(
1
32q3/2
+
5q2x
64q7/2
+
q2xx
32q7/2
− 35q
4
x
512q11/2
)dx. (3.8c)
The corresponding flux of the conservation laws are
G−1 = (−u− 2
N∑
j=1
λjϕ
2
j )
√
q, (3.9a)
G−2 = (1 + 2
N∑
j=1
λ2jϕ
2
j )
√
q + (u+ 2
N∑
j=1
λjϕ
2
j )(
1
16
(
4√
q
+
q2x
q5/2
)− ( qx
4q3/2
)x), (3.9b)
G−3 = (−u− 2
N∑
j=1
λjϕ
2
j )(
1
32q3/2
+
5q2x
64q7/2
+
q2xx
32q7/2
− 35q
4
x
512q11/2
)
+
1
16
(1 + 2
N∑
j=1
λ2jϕ
2
j )(
4√
q
+
q2x
q5/2
) + 2
N∑
j=1
λ3jϕ
2
j
√
q. (3.9c)
As the space part of the Lax Pair of the CHESCS is the same as that of CH equation, the
densities of the conservation laws of the CHESCS are the same as those of the Camassa-Holm
equation 12. As the time part of the Lax pair is different, the fluxs of the conservation laws for CH
equation and CHESCS are different.
4 One peakon solution of the CHESCS
The CH equation (1.2) has peakon solutions 2
u = ce−|x−ct+α|, (4.1)
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where α is an arbitrary constant. The corresponding eigenfunction of (2.1) is
ϕ = βe−
1
2
|x−ct+α|, (4.2)
where β is an arbitrary constant.
Since the CHESCS (2.5) can be considered as the CH equation (1.2) with non-homogeneous
terms, we may use the method of variation of constants to find the peakon solution of CHESCS
from the peakon solution (4.1) and (4.2). Taking α and β in (4.1) and (4.2) to be time-dependent
α(t) and β(t) and requiring that
u = ce−|x−ct+α(t)|, (4.3a)
ϕ = β(t)e−
1
2
|x−ct+α(t)| (4.3b)
satisfy the CHESCS (2.5) for N = 1. We find that c = 1λ , α(t) can be an arbitrary function of t
and β(t) =
√
α′(t)c. So we have the one peakon solution for (2.4) with N = 1, λ1 = λ =
1
c
u = ce−|x−ct+α(t)| (4.4a)
ϕ =
√
α′(t)ce−
1
2
|x−ct+α(t)| (4.4b)
The one peakon of the CHESCS also has a cusp at its peak, located at x = ct− α(t). We note
that for the one peakon solution of the CH equation, the solution travels with speed c and has a
cusp at its peak of height c, for the CHESCS, the cusp is still at its peak of height c, but the speed
c− α(t)t of the wave is no longer a constant.
5 A reciprocal transformation for the CHESCS
Let r =
√
q, by the reciprocal transformation 4,28,29
dy = rdx− urds, ds = dt,
and denoting f = r−
1
2φ, the Lax pair (2.1) of CH equation is transformed to the following system
φyy = (λ+Q+
1
4ω
)φ, (5.1a)
φs =
1
2λ
(rφy − 1
2
ryφ), (5.1b)
where
Q = −1
4
(
ry
r
)2 +
ryy
2r
+
1
4r2
− 1
4ω
. (5.2)
The compatibility condition of (5.1a) and (5.1b) gives an alternative of the associated CH (ACH)
equation
Qs = ry, (5.3a)
− 1
4ω
ry +
1
4
ryyy − 1
2
Qyr −Qry = 0. (5.3b)
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We now consider the reciprocal transformation for the CHESCS (2.5). (2.5a) gives
rt = −(ru)x − 2
N∑
j=1
λj(rϕ
2
j )x. (5.4)
(5.4) shows that the 1-form
ω = rdx− (ru+ 2
N∑
j=1
λjrϕ
2
j)dt (5.5)
is closed, so we can define a reciprocal transformation (x, t)→ (y, s) by the relation
dy = rdx− (ru+ 2
N∑
j=1
λjrϕ
2
j)ds, ds = dt, (5.6)
and we have
∂
∂x
= r
∂
∂y
,
∂
∂t
=
∂
∂s
− (ru+ 2
N∑
j=1
λjrϕ
2
j )
∂
∂y
. (5.7)
Denoting ϕ = r−
1
2ψ, ϕj = r
− 1
2ψj and using (5.2), the Lax pair (2.9) of CHESCS (2.5) is corre-
spondingly rewritten as
ψyy = (λ+Q+
1
4ω
)ψ, (5.8a)
ψs =
1
2λ
(rψy − 1
2
ryψ) + 2
N∑
j=1
λ2jψj
λ− λj (ψjyψ − ψjψy). (5.8b)
The compatibility condition of (5.8a) and (5.8b) leads to an associated CHESCS (ACHESCS)
Qs = ry − 8
N∑
j=1
λ2jψjψjy, (5.9a)
− 1
4ω
ry +
1
4
ryyy − 1
2
Qyr −Qry = 0, (5.9b)
ψjyy = (λj +Q+
1
4ω
)ψj , j = 1, 2, · · · , N. (5.9c)
The Eqs.(5.9) can be regarded as the Eqs.(5.3) with self-consistent sources. In order to obtain the
solutions of the CHESCS (2.5), we have to get the relation of the variables (y, s) and the variables
(x, t). From the reciprocal transformation, we have
∂x
∂y
=
1
r
,
∂x
∂s
= u+ 2
N∑
j=1
λjϕ
2
j . (5.10)
By making use of the compatibility of the above two equations, we have
x(y, s) =
∫
1
r
dy. (5.11)
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The solutions of the CHESCS (2.5) with respect to the variables (y,s) are given by
q = r2(y, s), ϕj(y, s) =
ψj√
r
, (5.12a)
u(y, s) = r2 − rys + ryrs
r
− 2rry
N∑
j=1
λj(ϕ
2
j )y − 2r2
N∑
j=1
λj(ϕ
2
j )yy − ω, (5.12b)
x(y, s) =
∫
1
r
dy. (5.12c)
We now prove (5.12b). From q = u− uxx + ω and the reciprocal transformation (5.7), we have
u = q + rryuy + r
2uyy − ω. (5.13)
By using the reciprocal transformation (5.7), (5.4) gives rise to
uy = − rs
r2
− 2
N∑
j=1
λj(ϕ
2
j )y. (5.14)
Substituting (5.14) and (5.2) into (5.13) leads to (5.12b).
6 The solutions for the CHESCS
Notice that Q = 0, r =
√
ω is the solution of (5.2) and (5.3). Let the functions φ0(y, s, λ),
Ψ1(y, s, λ1), · · · ,Ψn(y, s, λn) be different solutions of (5.1) with Q = 0, r =
√
ω and the corre-
sponding λ and λ = λ1, · · · , λn, respectively. We construct two Wronskian determinants from these
functions
W1 =W (Ψ1, · · · ,Ψ(m1)1 ,Ψ2, · · · ,Ψ(m2)2 , · · · ,Ψn, · · · ,Ψ(mn)n ), (6.1a)
W2 =W (Ψ1, · · · ,Ψ(m1)1 ,Ψ2, · · · ,Ψ(m2)2 , · · · ,Ψn, · · · ,Ψ(mn)n , φ0), (6.1b)
where mi ≥ 0 are given numbers and Ψ(i)j = ∂
iΨj(y,s,λ)
∂λi
|λ=λj .
Based on the generalized Darboux transformation for KdV hierarchy 30 and using (5.3a), the
following generalized Darboux transformation of (5.1) is valid 4,30,31
Q(y, s) = −2 ∂
2
∂y2
logW1, (6.2a)
r(y, s) =
√
ω − 2 ∂
2
∂y∂s
logW1, (6.2b)
φ(y, s, λ) =
W2
W1
, (6.2c)
namely Q(y, s), r(y, s) and φ(y, s, λ) satisfy (5.1), (5.2) and (5.3).
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6.1 The multisoliton solutions
Take Ψi and Φi be the solutions of Eq.(5.1) with Q = 0, r =
√
ω and λi = k
2
i − 14ω < 0, or
4ωk2i − 1 < 0, (0 < k1 < k2 < · · · < kn) as follows
Ψi = coshξi, i is an odd number, (6.3a)
Ψi = sinhξi, i is an even number. (6.3b)
Φi = e
ξi (6.4)
where henceforth
ξi = ki[y +
2ω3/2s
4ωk2i − 1
+ αi]. (6.5)
By using Darboux transformation (6.2) with m1 = · · · = mn = 0, the n-soliton solution Q(y, s) and
r(y, s) of (5.3) and the corresponding eigenfunction φi(y, s, λi) of (5.1) with λi = k
2
i − 14ω is given
by
Q(y, s) = −2[logW (Ψ1,Ψ2, · · · ,Ψn)]yy, (6.6a)
r(y, s) =
√
ω − 2[logW (Ψ1,Ψ2, · · · ,Ψn)]ys, (6.6b)
φi(y, s, λi) =
W (Ψ1,Ψ2, · · · ,Ψn,Φi)
W (Ψ1,Ψ2, · · · ,Ψn) . (6.6c)
When n = 1 and 4k21ω−1 < 0, (6.6) gives rise to one soliton solution for (5.3) and the corresponding
eigenfunction of (5.1) with λ1 = k
2
1 − 14ω 8,9
Q(y, s) = −2k21sech2ξ1, r(y, s) =
√
ω − 4k
2
1ω
3
2 sech2ξ1
4k21ω − 1
, (6.7a)
φ1 = k1sechξ1. (6.7b)
Since Eq.(5.9) can be considered to be Eq.(5.3) with non-homogeneous terms and φ1 satisfies
(5.1a) with λ = λ1, we may apply the method of variation of constant to find the solutions of the
CHESCS (5.9) by using the solution (6.7) of ACH equation (5.3) and corresponding eigenfunction.
Taking α1 in (6.5) to be time-dependent functions α1(s) and requiring that
Q¯(y, s) = −2k21sech2ξ¯1, r¯(y, s) =
√
ω − 4k
2
1ω
3
2 sech2ξ¯1
4k21ω − 1
, (6.8a)
ψ¯1 = β1(s)k1sechξ¯1 (6.8b)
satisfy the system (5.9) for N = 1, henceforth, we denote
ξ¯i = ki[y +
2ω3/2s
4ωk2i − 1
+ αi(s)]. (6.9)
We find that α1(s) can be an arbitrary function of s and
β1(s) =
2ω
1− 4k21ω
√
2α′1(s). (6.10)
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So the one-soliton solution of the CHESCS (2.5) with N = 1 and λ1 = k
2
1 − 14ω < 0 is obtained
with respect to the variables (y, s) from (5.12)
q(y, s) = ω(1− 4k
2
1ωsech
2ξ¯1
4k21ω − 1
)2, (6.11a)
u(y, s) =
8k21ω
2sech2ξ¯1
(1− 4k21ω)(1− 4k21ω + 4k21ωsech2ξ¯1)
, (6.11b)
ϕ1(y, s) =
2
√
2α′1(s)k1ωsechξ¯1√√
ω(1− 4k21ω)(1 − 4k21ω + 4k21ωsech2ξ¯1)
, (6.11c)
x(y, s) =
y√
ω
− 2 ln 1− 2k1
√
ω tanh ξ¯1
1 + 2k1
√
ω tanh ξ¯1
. (6.11d)
The requirement 4k21ω − 1 < 0 guarantees the nonsingularity of solution (6.11).
In Fig 1, we plot the single soliton solution of u and ϕ1.
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Figure 1. Single soliton solutions for u and the eigenfunction ϕ1 when w = 0.01, k1 = 1, α1(s) =
4s, s = 2.
When n = 2, λ1 = k
2
1 − 14ω < 0, λ2 = k22 − 14ω < 0, we have
Ψ1 = coshξ1, Ψ2 = sinhξ2, (6.12a)
Φ1 = e
ξ1 , Φ2 = e
ξ2 , (6.12b)
W1(Ψ1,Ψ2) = k2coshξ2coshξ1 − k1sinhξ2sinhξ1, (6.12c)
W2(Ψ1,Ψ2,Φ1) = k2(k
2
2 − k21)sinhξ1, (6.12d)
W2(Ψ1,Ψ2,Φ2) = k1(k
2
1 − k22)coshξ2, (6.12e)
(6.12f)
Then (6.6) with n = 2 gives rise to two soliton solution for (5.3) and the corresponding eigenfunction
of (5.1). In the same way as we did on the one-soliton solution, we can apply the method of variation
of constants to get the two soliton solution of the ACHESCS (2.9) which together with (5.12) yields
11
to the two soliton solution for CHESCS (2.5) with N = 2, λ1 = k
2
1 − 14ω , λ2 = k22 − 14ω
r(y, s) =
√
ω − 2[logW1(Ψ1,Ψ2)]ys|ξi=ξ¯i , (6.13a)
ψi =
2ω
√
(−1)i+12α′i(s)W2(Ψ1,Ψ2,Φi)
(1− 4k2i ω)
√∏
j 6=i
(k2j − k2i )W1(Ψ1,Ψ2)
|ξi=ξ¯i , i = 1, 2. (6.13b)
In Fig 2 we plot the interactions of two soliton solution for u and ϕ1, ϕ2, which is shown that u is
elastic collision.
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Figure 2. two soliton solutions for u and the eigenfunction ϕ1, ϕ2 when w = 0.01, k1 = 2, k2 = 1, α1(s) = 2s, α2(s) = 4s.
Notice that the soliton solutions of CHESCS contains arbitrary s functions αj(s). This implies
that the insertion of sources into the CH equation may cause the variation of the speed of soliton.
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In the same way as in the reference 27, we may apply the method of variation of constant to
find the N-soliton solution of (2.5) with λi = k
2
i − 14ω > 0, i = 1, · · · , N, from (5.12), where
r(y, s) =
√
ω − 2[logW1(Ψ1,Ψ2, · · · ,ΨN )]ys|ξi=ξ¯i , (6.14a)
ψi =
2ω
√
(−1)i+12α′i(s)W2(Ψ1,Ψ2, · · · ,ΨN ,Φi)
(1− 4k2i ω)
√∏
j 6=i
(k2j − k2i )W1(Ψ1,Ψ2, · · · ,ΨN )
|ξi=ξ¯i (6.14b)
6.2 The multicuspon solutions
Take Ψi and Φi be the solutions of Eq.(5.1) when Q = 0, r =
√
ω and λi = k
2
i − 14ω > 0
(0 < k1 < k2 < · · · < kn), as follows
Ψi = sinhξi, i is an odd number, (6.15a)
Ψi = coshξi, i is an even number. (6.15b)
Φi = e
ξi , (6.16)
where ξi is given by (6.5).
The n-cuspon solutionQ(y, s) and r(y, s) of (5.3) and the corresponding eigenfunction φi(y, s, λi)
of (5.1) with λi = k
2
i − 14ω is given by (6.6).
When n = 1 and 4k21ω − 1 > 0, (6.6) gives rise to one cuspon solution for (5.3) and the
corresponding eigenfunction of (5.1) with λ1 = k
2
1 − 14ω 8,9
Q(y, s) = 2k21csch
2ξ1, r(y, s) =
√
ω +
4k21ω
3
2 csch2ξ1
4k21ω − 1
, (6.17a)
φ1 = −k1cschξ1. (6.17b)
Similarly, we may apply the method of variation of constant to find the solutions of the
ACHESCS (5.9) by using the solution (6.17) of (5.3) and corresponding eigenfunction. Taking
α1 in (6.5) to be time-dependent functions α1(s) and requiring that
Q¯(y, s) = 2k21csch
2ξ¯1, r¯(y, s) =
√
ω +
4k21ω
3
2 csch2ξ¯1
4k21ω − 1
, (6.18a)
ψ¯1 = β1(s)k1cschξ¯1 (6.18b)
satisfy the system (5.9) for N = 1, we find that α1(s) can be an arbitrary function of s and
β1(s) =
2ω
1− 4k21ω
√
−2α′1(s). (6.19)
So the one-cuspon solution of the CHESCS (2.5) with N = 1 and λ1 = k
2
1 − 14ω > 0 is obtained
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with respect to the variables (y, s) from (5.12)
q(y, s) = ω(1 +
4k21ωcsch
2ξ¯1
4k21ω − 1
)2, (6.20a)
u(y, s) =
8k21ω
2csch2ξ¯1
(1− 4k21ω)(−1 + 4k21ω + 4k21ωcsch2ξ¯1)
, (6.20b)
ϕ1(y, s) =
2
√
2α′1(s)k1ωcschξ¯1√√
ω(1− 4k21ω)(−1 + 4k21ω + 4k21ωcsch2ξ¯1)
, (6.20c)
x(y, s) =
y√
ω
+ 2 ln
1− 2k1
√
ω coth ξ¯1
1 + 2k1
√
ω coth ξ¯1
(6.20d)
In Fig 3, we plot the one-cuspon solution of u, ϕ1.
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Figure 3. Single cuspon solution for u and the eigenfunction ϕ1 when w = 1, k1 = 1, α1(s) =
−2s, s = 2.
Similarly, we can apply the method of variation of constant to find the N-cuspon solution of
(2.5) with λi = k
2
i − 14ω < 0, i = 1, · · · , N from (5.12), where
r(y, s) =
√
ω − 2[logW1(Ψ1,Ψ2, · · · ,ΨN )]ys|ξi=ξ¯i , (6.21a)
ψi =
2ω
√
(−1)i+12α′i(s)W2(Ψ1,Ψ2, · · · ,ΨN ,Φi)
(1− 4k2i ω)
√∏
j 6=i
(k2j − k2i )W1(Ψ1,Ψ2, · · · ,ΨN )
|ξi=ξ¯i (6.21b)
Further more in the same way, we can fnd mixed k1-soliton-k2-cuspon solution for (2.5) with
N = k1 + k2, λi = k
2
i − 14ω > 0, i = 1, · · · , k1 and λi = k2i − 14ω < 0, i = K1 +1, · · · , k1 + k2, by
using (6.6) and (5.12).
6.3 The multipositon solutions
Let λ = −k2 − 14ω , λi = −k2i − 14ω , i = 1, · · · , N , and take
Ψi = sinξi, i is an odd number, (6.22a)
Ψi = cosξi, i is an even number. (6.22b)
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Φi = cosξi, i is an odd number, (6.23a)
Φi = sinξi, i is an even number. (6.23b)
where
ξ = k(y − 2ω
3/2s
4k2ω + 1
) +
N∑
i=1
N∏
j=1
(k − kj)2 αi
k − ki ,
ξi = ξ|k=ki .
For N = 1, we have
Ψ1 = sin ξ1, Ψ
(1)
1 = γ1 cos ξ1, (6.24a)
ξ1 = k1(y −
√
ωs
2(k21 +
1
4ω )
). (6.24b)
γ1 =
∂ξ
∂k
|k=k1 = α1 + y +
16k21ω
5/2s
(1 + 4k21ω)
2
− 2ω
3/2s
1 + 4k21ω
, (6.24c)
and
W1(Ψ1,Ψ
(1)
1 ) = −k1γ1 +
1
2
sin 2ξ1, (6.25a)
W2(Ψ1,Ψ
(1)
1 ,Φ1) = −2k21 sin ξ1. (6.25b)
Then the one-positon solution of (5.3) and the corresponding eigenfunction for (5.1) is given by
(6.2) with N = 1,m1 = 1,
Q(y, s) = −2[logW1]yy, (6.26a)
r(y, s) =
√
ω − 2[logW1]ys. (6.26b)
ψ1(y, s, λ1) = β1
W2
W1
, (6.26c)
where α1 and β1 are arbitrary constants.
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Figure 4. one-positon solutions for u and the eigenfunction ϕ1 when w = 0.01, k1 = 1, α1(s) =
−2s, s = 2.
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By using the method of variation of constants, which means we change α1 and β1 into α1(s)
and β1(s), we obtain the one-positon solution for the CHESCS (2.5) with N = 1, λ1 = −k21 − 14ω
from (5.12), where
r¯(y, s) =
√
ω − 2[logW1]ys|γ1=γ¯1 , (6.27a)
ψ¯1(y, s) =
2ω
√−α′1(s)
k1(1 + 4k21ω)
W2
W1
|γ1=γ¯1 , (6.27b)
γ¯1 = α1(s) + y +
16k21ω
5/2s
(1 + 4k21ω)
2
− 2ω
3/2s
1 + 4k21ω
. (6.27c)
where α1(s) is an arbitrary function of s.
In Fig 4, we plot the one-positon solution of u and ϕ1.
The positon solution of CHESCS is long-range analogue of soliton and is slowly decreasing,
oscillating solution 31. In the same way we can find N-positon solution for (2.5). For a detailed
discussion on positon solution we refer to the reference 31.
For N , we have
Ψ
(1)
i = γi cos ξi, i is an odd number, (6.28a)
Ψ
(1)
i = −γi sin ξi, i is an even number. (6.28b)
where
γi =
∂ξ
∂k
|k=ki =
∏
j 6=i
(ki − kj)2αi + y + 16k
2
i ω
5/2s
(1 + 4k2i ω)
2
− 2ω
3/2s
1 + 4k2i ω
.
We find that
W1 =W (Ψ1,Ψ
(1)
1 , · · · ,ΨN ,Ψ(1)N ), (6.29a)
φi =W (Ψ1,Ψ
(1)
1 , · · · ,ΨN ,Ψ(1)N ,Φi), (6.29b)
and the N-positon solution of (5.3) and the corresponding eigenfunction for (5.1) is given by
Q(y, s) = −2[logW1]yy, (6.30a)
r(y, s) =
√
ω − 2[logW1]ys. (6.30b)
ψj(y, s, λi) = βi
W2
W1
, i = 1, · · · , N, (6.30c)
where αi and βi are arbitrary constants.
By using the method of variation of constants, we obtain the N-positon solution for the CHESCS
(2.5) from (5.12), where
r¯(y, s) =
√
ω − 2[logW1]ys|γi=γ¯i , (6.31a)
ψ¯i(y, s) =
2ω
ki(1 + 4k
2
i ω)
1∏
j 6=i (kj + ki)
√
(−1)α′i(s)
W2
W1
|γi=γ¯i , (6.31b)
γ¯i =
∏
j 6=i
(ki − kj)2αi(s) + y + 16k
2
i ω
5/2s
(1 + 4k2i ω)
2
− 2ω
3/2s
1 + 4k2i ω
. (6.31c)
where αi(s) are arbitrary functions of s.
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6.4 The multinegaton solutions
Let λ = k2 − 14ω > 0, λi = k2i − 14ω > 0, i = 1, · · · , N , and take
Ψi = sinhξi, i is an odd number, (6.32a)
Ψi = coshξi, i is an even number. (6.32b)
Φi = e
ξi , (6.33)
where
ξ = k(y +
2ω3/2s
4k2ω − 1) +
N∑
i=1
N∏
j=1
(k − kj)2 αi
k − ki ,
ξi = ξ|k=ki ,
then we have
Ψ1 = sinh ξ1, Ψ
(1)
1 = γ1 cosh ξ1, (6.34a)
ξ1 = k1(y +
√
ωs
2(k21 − 14ω )
). (6.34b)
γ1 = α1 + y +
−16k21ω5/2s
(4k21ω − 1)2
+
2ω3/2s
4k21ω − 1
, (6.34c)
and
W1(Ψ1,Ψ
(1)
1 ) = −k1γ1 +
1
2
sinh 2ξ1, (6.35a)
W2(Ψ1,Ψ
(1)
1 ,Φ1) = 2k
2
1 sinh ξ1, (6.35b)
Then the one-negaton solution of (5.3) and the corresponding eigenfunction for (5.1) is given by
Q(y, s) = −2[logW1]yy, (6.36a)
r(y, s) =
√
ω − 2[logW1]ys. (6.36b)
φ1(y, s, λ1) = β1
W2
W1
, (6.36c)
where α and β are arbitrary constants.
By using the method of variation of constants, we obtain the one-negaton solution for the
CHESCS (2.5) with N = 1, λ1 = k
2
1 − 14ω from (5.12), where
r¯(y, s) =
√
ω − 2[logW1]ys|γ1=γ¯1 , (6.37a)
ψ¯1(y, s) =
2ω
√
α′1(s)
k1(4k21ω − 1)
W2
W1
|γ1=γ¯1 , (6.37b)
γ¯1 = α1(s) + y +
−16k21ω5/2s
(4k21ω − 1)2
+
2ω3/2s
4k21ω − 1
. (6.37c)
where α(s) is an arbitrary function of s.
In Fig 5, we plot the one-negaton solution of u and ϕ1.
17
-40 -20 20 40 60 80 100x
-0.01
-0.008
-0.006
-0.004
-0.002
u
-50 50 100 150 x
-0.05
0.05
0.1
j1
Figure 5. one-negaton solution for u and the eigenfunction ϕ1 when w = 0.01, k1 = 1, α1(s) =
2s, s = 2.
Similarly, we can find N-negaton solution for CHESCS (2.5) with λi = k
2
i − 14ω , i = 1, · · · , N .
For N , we have
Ψ
(1)
i = γi cosh ξi, i is an odd number, (6.38a)
Ψ
(1)
i = γi sinh ξi, i is an even number. (6.38b)
where
γi =
∂ξ
∂k
|k=ki =
∏
j 6=i
(ki − kj)2αi + y + −16k
2
i ω
5/2s
(4k2i ω − 1)2
+
2ω3/2s
4k2i ω − 1
.
We find that
W1 =W (Ψ1,Ψ
(1)
1 , · · · ,ΨN ,Ψ(1)N ), (6.39a)
φi =W (Ψ1,Ψ
(1)
1 , · · · ,ΨN ,Ψ(1)N ,Φi), (6.39b)
and the N-negaton solution of (5.3) and the corresponding eigenfunction for (5.1) is given by
Q(y, s) = −2[logW1]yy, (6.40a)
r(y, s) =
√
ω − 2[logW1]ys. (6.40b)
ψj(y, s, λi) = βi
W2
W1
, i = 1, · · · , N, (6.40c)
where αi and βi are arbitrary constants.
By using the method of variation of constants, we obtain the N-negaton solution for the
CHESCS (2.5) from (5.12), where
r¯(y, s) =
√
ω − 2[logW1]ys|γi=γ¯i , (6.41a)
ψ¯i(y, s) =
2ω
ki(4k
2
i ω − 1)
1∏
j 6=i (kj + ki)
√
α′i(s)
W2
W1
|γi=γ¯i , (6.41b)
γ¯i =
∏
j 6=i
(ki − kj)2αi(s) + y + −16k
2
i ω
5/2s
(4k2i ω − 1)2
+
2ω3/2s
4k2i ω − 1
. (6.41c)
where αi(s) are arbitrary functions of s.
7 Conclusion
The CHESCS and its Lax representation are derived. Conservation laws are constructed. It is
reasonable to speculate on the potrential application of CHESCS, that is, CHESCS may describe
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the interaction of different solitary waves in shallow water. Since SESCS can be regarded as soliton
equations with non-homogeneous terms, we look for explicit solutions by using the method of
variation of constants. By considering a reciprocal transformation, which relates CH equation to
an alternative of ACH equation, we propose a similar reciprocal transformation, which relates the
CHESCS to ACHESCS. By using the Darboux transformation, one can find the n-soliton and n-
cuspon solution as well as n-positon and n-negaton solution of alternative ACH equation. Then
by means of the method of variation of constants, we can obtain N-soliton, N-cuspon, N-positon
and N-negaton solutions of the ACHESCS. Finally, using the inverse reciprocal transformation, we
obtain N-soliton, N-cuspon, N-positon and N-negaton solutions of the CHESCS.
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